Abstract-Device-to-device (D2D) discovery is the inextricable prelude for the direct exchange of local traffic between cellular users in proximity. The D2D discovery process can be based on either autonomous actions taken by D2D-enabled devices, also known as network-assisted D2D discovery or core network functionalities to estimate proximity, also known as networkassisted D2D discovery. A key advantage of network-assisted D2D discovery is its potential to reduce the energy, signaling, and interference required for D2D discovery, by exploiting knowledge of the network layout. We analyze the performance of network-assisted D2D discovery in random spatial networks and derive useful guidelines for its design. We derive approximate expressions for the distance distribution between two D2D peers conditioned on the core network's knowledge of the cellular network layout, assuming that the base stations are distributed according to the Poisson point process. The expressions are used to assess the interplay between the D2D discovery probability and key system parameters, such as network intensity and transmit power, as well as to identify conditions to maximize the D2D discovery probability. Numerical results validate the accuracy of our findings and provide insights on the performance tradeoffs of network-assisted D2D discovery.
while D2D communication includes the establishment, and utilization of a physical link between D2D-enabled users to directly exchange data without routing packets through the access network.
D2D discovery is within the scope of the 3rd Generation Partnership Project (3GPP) for the Long Term Evolution (LTE) Release 12 system [3] , a.k.a. LTE-Advanced (LTE-A). 3GPP focuses on two types of D2D discovery: direct and networkassisted discovery. The direct discovery is based on the D2D-enabled devices to autonomously discover, or indicate their presence to, other devices. On the contrary, network-assisted discovery, often referred to as Evolved Packet Core (EPC)-level discovery, relies on the core network to determine the proximity of D2D-enabled devices. Both methods have their own advantages and unique challenges. Direct D2D discovery can be deployed even when outside network coverage, network-assisted discovery enables network operators to reduce the required energy, signaling, and interference.
Network-assisted discovery can provide more accurate estimation of the proximity between D2D-enabled devices by exploiting existing knowledge of the cellular network layout. Besides, the EPC is at least aware of the Base Station (BS) with which the cellular devices associate with, also coined as the associated BS [4] , [5] . This knowledge combined with additional information on the spatial relation between the respective associated BSs, such as the distance or the relative position of the D2D peers with respect to their associated BSs, e.g. distance and angle of arrival (AoA), can be the cornerstone for more accurate D2D discovery at the EPC. The LTE-A system already supports a suite of user and BS measurements that can be readily utilized towards this direction [6] .
In this paper, we focus on the performance of networkassisted D2D discovery, where the EPC utilizes existing knowledge of the network layout to trigger (or not) the D2D discovery phase between two D2D-enabled devices at a given time. Under this viewpoint, we develop an analytical framework that enables the EPC to evaluate the probability that two tagged devices are in proximity, a.k.a. D2D discovery probability, conditioned on the available knowledge of the network layout. Compared to D2D discovery with no knowledge of the network layout, network-assisted D2D discovery enables network operators to better infer on 'the probability that two D2D peers are in proximity'. As highlighted in [7] , the performance of D2D discovery is tightly coupled with the notion of proximity. In the sequel, we assume that two D2D-enabled devices are in proximity whenever the long-term average received signal power from the D2D source is greater than or equal to the receiver sensitivity at the D2D target.
We choose to follow this definition for two main reasons. First, the D2D discovery process is most likely to be based on the long-term average and not the instantaneous received power at the D2D target, i.e. small-scale fading is averaged out. Second, this notion of proximity is closer to the one used during the cell search phase [8] . Assuming that the pathloss is inversely proportional to the distance between the D2D peers and governed by a pathloss exponent a, the D2D discovery probability is defined as follows:
where J denotes the vector of location information parameters available for the two D2D peers at the EPC, P t the transmit power at the D2D source, P r the receiver sensitivity at the D2D target, and Z the distance between the D2D peers. The receiver sensitivity P r is typically fixed and depends on the system parameters that specify the reference measurement channel [9] , e.g. duplexing mode and bandwidth. In the sequel, we further assume that the transmit power P t is fixed and known at the EPC for mathematical tractability. By rearranging (1) , it can be easily shown that the D2D discovery probability equals the value of the cumulative density function (cdf) of the distance Z at point
conditioned on the available knowledge given in J. In light of the above remark, we derive the conditional probability distribution of the distance Z between two D2D peers. The analysis is focused on the scenarios where the EPC is at least aware of either the distance between the associated BS of the D2D source and the associated BS of the D2D target, denoted by D k , or their neighboring degree, denoted by k. The neighboring degree between the associated BSs of the two D2D peers is equal to k, if the associated BS of the D2D target is the k-th nearest BS of the associated BS of the D2D source. We consider these two broad scenarios of practical interest, since they both allow the EPC to directly relate the locations of the D2D source and the D2D target without requiring additional information on their exact locations. Another important reason for focusing on these two classes is the fact that the distance D k and the neighboring degree k typically remain fixed over time and do not depend on the D2D peers.
Note that analyzing the performance of D2D discovery under the impact of the interference caused by other D2D users or BSs, i.e. based on the Signal to Interference plus Noise Ratio (SINR), requires the use of Palm theory [10] . In more detail, if we account for the interference caused by other sources, all subsequent derivations would involve probability generating functionals conditioned on the available knowledge of the network layout. Such analysis goes beyond the scope of this paper and is left as future work. However, note that the D2D discovery probability in (1) can also be viewed as an upper bound on the performance of the D2D discovery probability under the impact of interference from other cellular sources (SINR-based D2D discovery).
A. Related Works
Related literature deals with the analysis and optimization of D2D communications. The authors in [11] analyze the performance of a distributed multi-hop spectrum access protocol for D2D communication, focusing on the impact of D2D communication on the macrocell network and the power savings due to the employment of single or multi-hop D2D routes. A bio-inspired algorithm for direct D2D discovery and synchronization is proposed in [12] , based on the formation of acyclic graphs in the D2D network and the deployment of the firefly algorithm. In [13] , we have developed an analytical framework to assess and optimize the performance of proximity estimation in heterogeneous wireless networks dominated by clustering. Nonetheless, the proximity estimation process in [13] is employed between heterogeneous nodes that are not necessarily capable of communicating.
Poisson point processes (PPPs), which have been extensively used for the analysis of cellular networks [8] , [14] [15] [16] [17] , are increasingly used to analyze the performance of D2D communications. In [18] , the authors analyze the performance of two different spectrum sharing schemes and provide design guidelines for D2D communication in the uplink of cellular networks. The D2D proximity is based on the physical distance between the D2D peers. The work in [19] considers D2D communication in Poisson networks with time/frequency hopping to randomize interference and analytical expressions for the SINR and throughput are derived. The authors in [20] investigate how mobility and network assistance affect the performance of multicast D2D transmissions in Poisson networks. Optimal network assistance strategies are discussed towards minimizing the retransmission times of multicast messages given certain constraints. The challenging issue of power control is addressed in [21] , in which the authors focus on a single macrocell BS with circular coverage where the locations of the D2D transmitters are PPP distributed. Assuming that the distance between a D2D pair is fixed, the authors propose a centralized power control algorithm that maximizes the SINR of the standard cellular link while satisfying the individual target SINR of the D2D links. The performance of distributed power control is also analyzed and optimal D2D transmission policies are discussed.
B. Key Contributions
To our knowledge, this is the first work to assess the performance of network-assisted D2D discovery in random spatial networks. Our key contributions are as follows:
• We provide new ideas on how to integrate existing knowledge of the network layout into the analysis of random spatial networks, where the BSs are assumed to be placed at random in the Euclidean space, and show that such an approach is analytically tractable.
• We derive closed-form expressions for the conditional probability density function (pdf) and complementary cdf (ccdf) of the distance Z between two D2D peers, given various combinations of location information parameters.
• We analyze the performance of network-assisted D2D discovery given different combinations of location information and quantify how different levels of knowledge affect the D2D discovery probability. The derived expressions can also serve as an upper bound on the performance of SINR-based D2D discovery.
• We assess the impact of the BS density on the performance of network-assisted D2D discovery and provide useful insights on how to transform the today's cellular network, which is optimized for coverage and capacity, into a D2D-centric network where the discovery and communication between the cellular devices is orchestrated by the core network. Also, we employ novel analytical techniques to assess the monotonicity of expressions involving special functions.
• We provide useful design guidelines for network-assisted D2D discovery. We show that above a certain BS density, the D2D discovery probability A J is primarily affected by the distance D k and that denser network layouts may reduce the D2D discovery probability. We also show that the accuracy of AoA measurements can be relaxed without significantly affecting the performance of network-assisted D2D discovery. The remainder of this paper is organized as follows. In Section II, we present our system model, while in Section III we derive the conditional pdf and ccdf of the distance between two D2D peers given certain combinations of location information. In Section IV, we investigate how the BS density affects the D2D discovery probability and derive analytical expressions for the optimal BS density (when relevant). The impact of the key system parameters on the D2D discovery performance is assessed in Section V, where we additionally provide useful design guidelines for network-assisted D2D discovery. Section VI contains our conclusions.
II. SYSTEM MODEL We consider a D2D-enabled cellular network, where the locations of all cellular BSs, including both macrocells and small cells, are distributed according to a homogeneous PPP B with intensity λ B in the Euclidean plane. Note that the single-tier PPP model is in line with multi-tier cellular network models that use individual and independent PPPs to model each tier [8] , [15] , [16] . Nevertheless, we use a single-tier PPP to model the locations of the cellular BSs since, on the one hand, the superposition of independent PPPs is again a PPP of intensity equal to the sum of each tier intensity and, on the other hand, we do not focus on the performance of network-assisted D2D discovery in a specific cellular tier. Without assuming a specific distribution for the users, we consider that a) the Point Process (PP) U describing the user locations is stationary and isotropic, and b) the x and y coordinates of a given user are independent of the coordinates of other users. We consider that all users associate with the nearest BS in B [14] and focus on the network-assisted D2D discovery process between a tagged user, referred to as D2D source, and a (specific) target D2D-enabled user, referred to as D2D target. We further focus on the scenario where the network is capable of identifying the associated BS of the D2D peers, and utilize UE and BS positioning measurements to enhance the performance of D2D discovery.
The positioning measurements considered in this paper are listed in Table I and are illustrated in Fig. 1 . In Table I we highlight how these measurements can be derived in LTE/LTE-A. Note that we do not assume that all of these measurements are available to the EPC. Instead, we investigate how certain combinations of these measurements (location information) can enhance network-assisted D2D discovery. Fig. 1 depicts all parameters and random variables (RVs) involved in our analysis. The D2D discovery probability can be computed by the ccdf of the distance Z conditioned on the set of available location information parameters, which we denoted by J, at point P t P r 1 a . By lettingF Z |J (x) denote the corresponding conditional ccdf of the distance Z at point x we define the D2D discovery probability as follows:
In the following, we consider that the transmit power P t at the D2D source and the receiver sensitivity P r at the D2D target are fixed and known to the EPC. The following lemma states that the distance D k between a random point in the system and its k-th nearest (neighboring) BS in B follows a generalized Gamma distribution. Note that although the subscript k of the RV D k can be omitted, in the sequel we choose to use it as indication of the neighboring degree k between the associated BSs of the two D2D peers. 
where [ . Note that the joint distribution of the RVs R s and R t strongly depends on the location information given in J, due to the assumption that all users associate with the nearest BS in B . However, as discussed in [22] and shown in Section V, this dependence is weak. Accordingly, we proceed with the following assumption.
Assumption 1. Given that the distance D k is fixed and known, the random variables R s and R t are independent and Rayleigh-distributed with parameter b
If the angles θ s and θ t are not assumed to be fixed and known, we assume them to satisfy the following property.
Assumption 2. Given that the distance D k is fixed and known, the angle θ s is uniformly distributed in (−π, π] and independent of the distance R s . Similarly, given that D k is fixed and known, the angle θ t is uniformly distributed in (−π, π] and independent of the distance R t .
Assumption 2 states that, conditioned on a fixed distance D k , the D2D peers are scattered around their associated BSs uniformly, having no bias on residing towards a specific direction or adapting their distance to their BS based on their angle to other BSs. Although assumptions 1 and 2 result in an approximate analysis, they also lead to valuable insights on how to optimize the performance of network-assisted D2D discovery in practical networks. Besides, as shown in Section V, assumptions 1 and 2 improve the tractability of the system model with minimal impact on the accuracy of the analysis.
III. DISTANCE DISTRIBUTIONS IN D2D-ENABLED NETWORKS WITH LOCATION-ASSISTANCE

A. Distance Distributions Given the Distance D k
In this section, we derive closed-form expressions for the pdf and the ccdf of the distance Z , given four distinct combina- 
is the modified Bessel function of the first kind and order zero. The respective ccdfF Z |{D k } (z) is given bȳ
where
Proof: See Appendix A. Theorem 1 provides an analytical tool for handling the uncertainty on the distance between two D2D peers, given location information that typically remains fixed over time: the distance D k . In Theorem 2, we derive the conditional pdf and ccdf of the distance Z given additional knowledge on the relative position of the D2D target. (6) , as shown at the bottom of this page. The ccdfF Z |{D k ,R t ,θ t } (z) is given by (7) , as shown at the bottom of this page.
Proof: See Appendix B. Theorem 2 further reduces the uncertainty on the distance between the D2D peers by incorporating additional knowledge on the relative position of the D2D target with respect to its associated BS. However, in contrast with the acquisition and caching of the D k parameter, the relative position of the D2D target is expected to vary over time, requiring monitoring measurements by the associated BS. Corollary 1 includes the conditional pdf and ccdf of the distance Z when the EPC is aware of the relative position of the D2D source.
given that a) the associated BS of the D2D source and the associated BS of the D2D target are separated by a distance (6) and (7), respectively, for T = S and = π − ϕ. Proof: Corollary 1 is proved by working in the Cartesian plane x y centered at the position of the associated BS of the D2D source with positive x-axis the direction from the associated BS of the D2D source to the associated BS of the D2D target. The distance Z is given by
where X t and Y t are independent normal RVs with zero mean and equal variance
. By the law of cosines S k+1 = D 2 + S 2 − 2DS cos ϕ (fixed parameter). The rest of the proof is similar to that of Theorem 2.
Proposition 1 provides the distance Z when the EPC is aware of all parameters in {D k , R t , θ t , R s , θ s }.
Proposition 1: The distance Z between two D2D peers, given that a) the distance between the associated BSs of the two D2D peers is D k = D, b) the relative position of the D2D target with respect to its associated BS equals to [R t = T, θ t = ], and c) the relative position of the D2D source with respect to its associated BS equals to
Note that the scenario where the D2D peers associate with the same BS applies for D k = 0.
B. Distance Distributions Given the Neighboring Degree k
Let us now focus on the scenarios where, instead of the distance D k , the EPC is aware of the neighboring degree k between the associated BSs of the D2D peers. Such a scenario is of practical relevance when the distance between the BSs is not known a priori, e.g. unplanned deployment, or when the BSs face difficulties in accurately estimating their separation distance, e.g. indoor deployment. Consider for example a small-sized BS inside a building that measures the received signal strength from all nearby BSs. Even though the BS can face difficulties in translatting these measurements to the exact separation distance for each neighboring BS, e.g. due to non-line-of-sight conditions, it can readily identify their neighboring degree by sorting the derived measurements in descending order. Besides, the estimation of k is less vulnerable to the effects of the wireless medium. Under this viewpoint, in this section we relax the requirement of having perfect knowledge of the distance D k and extend our analysis to the scenario where the associated BSs can only identify their neighboring degree k (more loose information).
Theorem 3: The conditional pdf f Z |{k} (z) of the distance Z between two D2D peers, given that the associated BS of the D2D source is the n-th neighbor of the associated BS of the D2D target, i.e. k = n, is given by
where m = 1 ∀m < n − 1 and n−1 = 3.
Proof: See Appendix C. Remark 1: Theorem 3 extends the closed-form expressions of Theorem 1 when the EPC is aware of only the neighboring degree k. This is achived since the arguments of the special functions in Theorem 1 are in a simple form. However, Theorem 2 and Corollary 1 involve arguments with square roots and powers of D k , only allowing numerical evaluations.
Corollary 2: The conditional pdf f Z |{k,R t ,θ t } (z) of the distance Z between two D2D peers, given that a) the associated BS of the D2D source is the n-th neighbor of the associated BS of the D2D target, i.e. k = n, and b) the relative position of the D2D target with respect to its associated BS equals to
Proof: The proof follows by using the law of total probability, Theorem 2 and (3). (12) and (13) , respectively, for T = S and = π − ϕ.
Proof: Similar to that of Corollary 2. Let us now focus on the scenario where the EPC is aware of the neighboring degree k and the relative positions of the D2D peers with respect to their associated BSs. Different from Proposition 1, the knowledge of k leaves uncertainty on the distance D k between the associated BSs of the D2D peers. Interestingly, the respective conditional pdf and ccdf of the distance Z can be derived in closed-form. 
is given by (15) , as shown at the top of this page, where
y , and
IV. OPTIMAL NETWORK DEPLOYMENT FOR NETWORK-ASSISTED D2D DISCOVERY
In this section, we provide guidelines for optimal network deployment as a means to optimize the probability of successful network-assisted D2D discovery. This kind of analysis is of high practical interest as it provides useful insights on how to transform the today's cellular network, which is optimized for coverage and capacity, into a D2D-centric network where the discovery and communication between the cellular devices is orchestrated by the EPC. The presented analysis also provides useful guidelines for the installation of additional BSs so as to maximize the capability of the EPC to infer on the outcome of D2D discovery. Besides, maximizing the capability of the EPC to estimate proximity between two devices, e.g. an anchor point and a target device with unknown location, is of paramount importance in public emergency networks and private network installations for automated navigation/control, e.g. industrial installations and underground facilities. To this end, we examine the monotonicity of the D2D discovery probability A J with respect to the BS density λ B and provide expressions for the optimal BS density. Since A J is given by the cdf of the distance Z at P t P r 1 a , A J is a) proportional to the transmit power P t and b) inversely proportional to the receiver sensitivity P r and the pathloss exponent a. 
The optimal BS density can be analytically approximated as
Proof: See Appendix E.
The parameter
a corresponds to the maximum distance for successful D2D discovery between the D2D peers. Also, the distance between a user and the associated BS is inversely proportional to λ B since, by definition, it is Rayleigh distributed with parameter 1 2πλ B . Therefore, as the BS density increases, the distance Z between the D2D peers tends to reach the distance D k between their associated BSs, i.e. a higher λ B reduces uncertainty on the user position around the associated BS. Theorem 5 can be interpreted as follows: as λ B increases, the distance Z between the D2D peers tends to be statistically closer to the distance D k , which for q < 1 is by definition lower than the maximum range for successful D2D discovery, i.e. D k < P t P r 1 a . However, for q > 1, the distance D k is greater than the maximum D2D discovery range and, above a certain BS density, the distance Z tends to be statistically greater than the D2D discovery range.
Interestingly, Theorem 5 can be extended to the scenario where, apart from the distance D k , the EPC is additionally aware of the relative positions of the D2D pairs with respect to their associated BS. This can be shown by noticing that the ccdf results in Theorem 2 are in a similar form with the ones in Theorem 1. In more detail, if the EPC is aware of the relative position of the D2D source, Theorem 5 applies for Theorem 6: When the EPC is aware of the neighboring degree k = n, the probability A k increases with λ B .
Proof: By using Theorem 3 and (1), A k is given by
where m = 1, ∀m < n − 1 and n−1 = 3. By differentiating with respect to λ B we get:
(k+1)!k! is the generalized Laguerre polynomial of the first order. Now, since all parameters in the last expression are positive real and by definition
> 0. Different from Theorem 5, Theorem 6 shows that a higher BS density will always improve the performance of networkassisted D2D discovery if the EPC is aware of the neighboring degree k. This mainly follows from the fact that the distance D k is not a fixed parameter as in Theorem 5, yet, it is inversely proportional to the BS density λ B (3). 
Theorem 7: Let d 1 and d 2 denote the (fixed) parameters defined in Theorem 4. Given that a) the associated BS of the D2D source is the n-th neighbor of the associated BS of the D2D target, i.e. k = n, b) the relative position of the D2D source with respect to its associated BS equals to [R s = S, θ s = ϕ] in polar coordinates, and c) the relative position of the D2D target with respect to its associated BS equals to [R t = T, θ t = ] in polar coordinates, the D2D discovery probability
Proof: Properties 1 and 2 follow from (15) . By combining (15) and (1) for z > |Q y |, d 2 > 0, and
. Now, by differentiating with respect to λ B , it follows that
[n]
(Eqs. (1) (15)). By differentiating with respect to λ B we get:
Solving ∂A k,R t ,θ t ,Rs ,θs ∂λ B = 0 with respect to λ B yields (19) .
V. NUMERICAL RESULTS AND DESIGN GUIDELINES
In this section, we study the impact of the key system parameters on the D2D discovery probability and derive useful guidelines for the design of network-assisted D2D discovery. The receiver sensitivity is set to P r = −93.5 dBm, which is typical for the LTE system with Frequency Division Duplexing (FDD) and bandwidth equal to (or greater than) 5 MHz. 
A. Effect of BS Density
In this section, we study the impact of the BS density λ B on the D2D discovery probability given at least the distance D k . We focus on two distances D k = 600 m and D k = 900 m which, in combination with the parameters under scope, result in D2D discovery success (A D k ,R t ,θ t ,R s ,θ s = 1) and failure (A D k ,R t ,θ t ,R s ,θ s = 0), respectively. The D2D discovery probability for D k = 600 m and D k = 900 m is given in Figs. 2 and 3 , respectively. To validate the impact of Assumptions 1 and 2 on the accuracy of our analysis, in the same figures we compare the analytical results with the ones following from system-level simulations given the same set of parameters. In the simulation model, we have considered that the users are distributed according to a PPP with intensity λ U = 10λ B . The network size was adapted from 10 6 × 10 6 m 2 to 10 4 × 10 4 m 2 depending on the BS density under scope. Notably, as shown in Figs. 2 and 3 , the results of our analysis match very closely the simulated ones, indicating that the impact of Assumptions 1 and 2 on the accuracy of the presented analysis is weak. Given that the expressions in Theorem 1 constitute the basis of all subsequent analytical derivations, in the remainder of section V we only include the results of our analysis due to space limitations. As depicted in Fig. 2 , when the EPC is aware of only the distance D k the D2D discovery probability A D k increases with λ B for D k = 600 m, since q < 1 (as shown in Theorem 5). On the other hand, for D k = 900 m (Fig. 3) , which corresponds to q > 1, there exists an optimal BS density that maximizes the D2D discovery probability and is well approximated by (17) Fig. 3 , respectively. The approximations on the optimal BS density for A D k ,R t ,θ t and A D k ,R s ,θ s , indicated by the blue and green circles, respectively, are also shown to be close to the λ B parameter that maximizes the respective D2D discovery probabilities. Recall that the approximation accuracy can be increased by using more terms from (41) and (42).
The results in Figs. 2 and 3 reveal that conditioned on knowledge of the relative position of the D2D source, or the D2D target, the statistical behavior of the D2D discovery probability and the optimal λ * B significantly alters compared to A D k , especially when q > 1 (the ratio of the Marcum-Q arguments in the ccdf results is higher than one). This follows from the fact that, the locations of the D2D peers are considered to follow a symmetric normal distribution around their associated BS, i.e. Rayleigh-distributed distance combined with uniformly distributed angle. However, when a D2D peer is located in between the two associated BSs and its location is known to the EPC, the probability of successful D2D discovery increases. This relation can be verified in Figs. 2 and 3 , by comparing the results for A D k ,R s ,θ s and A D k and taking into account that R s = 200 m and θ s = π/3 (Fig. 1) .
In Fig. 4 , we plot the impact of λ B on the D2D discovery probability, given knowledge of the neighboring degree k, or the relative positions of the D2D peers. As provided by Theorem 6, the D2D discovery probability A k always increases with λ B , while given additional knowledge on the relative position of the D2D peers the corresponding D2D probability A k,R t ,θ t ,R s ,θ s is also increasing with respect to λ B for R s = 200 m. However, for R s = 400 m the probability A k,R t ,θ t ,R s ,θ s is maximized for a BS density that can be computed by (19) (highlighted with a star) . These results are in line with Theorem 7 since the parameters R s = 200 m and R s = 400 m, correspond to d 1 < 0 and d 1 > 0, respectively.
We now explore how the neighboring degree k affects the D2D discovery probability. As expected, a higher k reduces the D2D discovery probability given knowledge only on k, i.e. A k=1 > A k=3 . The same applies when the relative position of the D2D peers is known to the EPC and R s = 200 m (magenta dashed), which corresponds to
However, this is not in effect for R s = 400 m (d 1 > 0) in medium to very high BS densities (λ B > 10 −5 ), where the D2D probability for k = 3 (green continuous) is shown to be higher compared to the one for the same parameters and k = 1 (red continuous). This follows since for a given k, a higher λ B increases the statistical distance D k between the associated BSs of the D2D peers which, combined with the given positions of the D2D peers, shifts the peak of the D2D probability to higher BS densities.
B. Effect of Distance D k
We now examine the impact of the distance D k on the D2D discovery probability given knowledge of at least the distance D k (Fig. 5) . First, we observe that given the same set of location parameters, a higher BS density prolongs the tail of the D2D discovery probability, owing to the increased uncertainty on the D2D source and/or D2D target positions around their associated BS. This is also expected if we consider that for the given set of system parameters, the maximum range for successful D2D discovery is equal to . Hence, above a certain BS density, the performance of D2D discovery is primarily affected by the distance D k and not the relative positions of the D2D peers, which can be approximated by the position of their associated BSs. This approach can reduce the overhead required for user positioning while leaving the D2D discovery probability unaffected. For λ B = 10 −4 , we observe that the D2D discovery probability A D k is higher compared to the one given additional knowledge on [R t , θ t ], i.e. A D k ,R t ,θ t . This can be explained as follows: conditioned on [R t = 200m, θ t = π/3] (Fig. 1) , the distance Z between the D2D peers is statistically higher compared to the scenario with no knowledge on [R t , θ t ] (Fig. 1) , where the position of the D2D target is considered . This effect is more prominent for λ B = 10 −4 , where the uncertainty on position of the D2D source is significantly reduced compared to the one for λ B = 10 −6 . Similar arguments can be used to compare
C. Effect of Transmit Power
D2D discovery will be performed under unfavorable channel conditions, due to the lower height of the transmitter-receiver pair, the increased number of obstacles between the D2D peers, and the low transmit power required to avoid interference with other cellular connections. Under this viewpoint, in Fig. 6 we plot the impact of the transmit power P t on the D2D discovery probability under high pathloss exponents and given information for at least the distance D k . As expected, the D2D discovery probability increases with P t under all combinations of location information (Section IV). However, the (positive) impact of increasing P t on the D2D discovery probability strongly depends on the pathloss exponent governing the D2D channel. For example, for a = 3.7, we observe that P t = 200 mW suffices to attain a D2D discovery probability higher than 90% for all combinations of location information parameters. On the other hand, for a = 4.4, the D2D discovery probability can be greatly improved with a slight increase in the transmit power whereas, for a = 5, it remains roughly unaffected. For the given set of parameters, additional knowledge on [R s , θ s ] and/or [R t , θ t ] significantly alters the statistical behavior of the D2D discovery probability, especially for a = 4.4.
In Fig. 7 , we depict the relation between P t and the D2D discovery probability given at least the neighboring degree k. As expected, a higher k reduces the D2D discovery probability, due to the statistical increase on the distance D k . By comparing the impact of P t on A k,R t ,θ t ,R s ,θ s and A k for k = 1, it can also be seen that the knowledge of [R s , θ s ] and [R t , θ t ] alters the statistical behavior of the D2D discovery probability with respect to P t . However, differently from the results in Fig. 6 , this applies for all pathloss exponents. This property weakens for higher neighboring degrees (k = 3).
To summarize, when the EPC is aware of the neighboring degree k instead of the distance D k , additional knowledge on the relative positions of the D2D peers may significantly improve the accuracy of network-assisted D2D discovery, especially for low k. On the other hand, the employment of network-assisted D2D discovery can significantly reduce unnecessary transmissions of D2D discovery signals that increase the network interference and deplete the battery at the mobile terminals. To this direction, the presented results can be used to assist the D2D source upon selecting an appropriate transmit power for a prescribed D2D discovery probability target, by exploiting fundamental location information at the EPC.
D. Effect of the Angle of the D2D target
In Fig. 8 we plot the D2D discovery probability with respect to θ t (Fig. 1) , for all combinations that include θ t . Obviously, the statistical behavior of the remainder D2D discovery probabilities remains unchanged with respect to θ t . Given full knowledge on the network layout, we observe that the D2D discovery can be either successful or not. However, depending on the fixed parameters, there exists a θ t interval within which the D2D discovery is always successful, i.e. A D k ,R t ,θ t ,R s ,θ s = 1. Moreover, we observe that the probability
with respect to 180 o , which corresponds to the direction towards the associated BS of the D2D source. For the given parameters, an increase to the distance R s symmetrically expands the θ t interval where A D k ,R t ,θ t ,R s ,θ s = 1 towards both directions. This result follows from the given θ s under scope, since for θ s = π/3 a higher distance R s reduces the distance Z between the D2D peers.
When the EPC is aware of only the parameters {D k , R t , θ t }, the D2D discovery probability is higher for all angles θ t that reside closer to the associated BS of the D2D source (green line), i.e. 180 o . On the other hand, an increase to the distance R t enlarges the D2D discovery probability for θ t towards the same direction and reduces it for the ones residing towards the opposite one (green dashed line). Both these results are expected if we consider that in the absence of knowledge of [R s , θ s ], the D2D source is considered to follow a symmetric normal distribution around its associated BS.
Similar to A D k ,R t ,θ t ,R s ,θ s , the D2D discovery probability A k,R t ,θ t ,R s ,θ s for R s = π/3 is mirrored for R s = −π/3, with respect to the direction towards the associated BS of the D2D source (180 o ). However, in contrast with A D k ,R t ,θ t ,R s ,θ s , an increase to the distance R t 'stretches' the probability A k,R t ,θ t ,R s ,θ s towards the direction of the D2D source in a non-symmetric manner. This effect follows from the knowledge of the relative position of the D2D source and the fact that the R t is now higher (R t = 400 m). The combination of these conditions creates bias on the D2D discovery probability towards specific coordinates for the D2D target. It follows that the knowledge on the relative positions of the D2D peers majorly impacts the D2D discovery performance, especially in sparse to medium networks where the uncertainty on the relative positions of the users (around their associated BSs) is high. The results in Fig. 8 also indicate that, under certain conditions, the estimation accuracy for the angles θ t and θ s can be relaxed without affecting the performance of network-assisted D2D discovery. Such an approach can significantly reduce the overheads required for AoA measurements at the associated BSs.
VI. CONCLUSION
In this paper, we analyzed the statistical behavior of the distance between two D2D peers conditioned on existing knowledge for the cellular network deployment. The ccdf expressions were used to analyze the performance of networkassisted D2D discovery and provide useful insights on how different levels of location awareness affect its performance. We also examined how unplanned cellular network densification affects the performance of network-assisted D2D discovery and provided analytical expressions for the optimal BS density that maximizes the D2D discovery probability. Accordingly, we investigated the key performance tradeoffs inherent to the network-assisted D2D discovery and provided useful guidelines for its design in random spatial networks. Among others, the present results can be used to select the transmit power at the D2D source for a given D2D discovery probability target, reduce unnecessary D2D discovery signals, identify the optimal BS density for network-assisted D2D discovery, and relax the accuracy of user positioning while leaving the D2D discovery probability unaffected.
APPENDIX
A. Proof of Theorem 1
Since the user and BS point processes are stationary and isotropic, we work in the Cartesian plane x y centered at the position of the associated BS of the D2D source and having as a positive x-axis the direction from the associated BS of the D2D source to the associated BS of the D2D target (Fig. 1) Fig. 1 , it follows that the distance Z between the D2D source and the D2D target is given by
We now define the auxiliary RVs: . The same arguments can be used to show that the RVs X t = R t cos θ t and Y t = R t sin θ t are independent normal RVs with zero mean and equal variance b 2 as well.
Since the coordinates of the D2D source do not depend on the ones of the D2D target (Section II), Q x equals to the difference of two independent normal RVs plus a fixed value D k = D. Thus, Q x is normally distributed with mean D and variance 2b 2 =
). By following a similar approach, it can be shown that Q y is a normal RV with zero mean and variance 2b 2 : Q y ∼ N (0,
). In addition, Q y is independent of Q x , since the RV X t , X s , Y t , and Y s are shown to be mutually independent. Therefore,
Now, let A z denote the region of the plane such that z < x 2 + y 2 < z + dz. A z is a circular ring with inner radius z and thickness dz. By working in polar coordinates, i.e. x = z cos ξ , y = z sin ξ , and dxdy = zdzdξ , we get
Therefore,
where the last step follows from the integral representation of the modified Bessel function of the first and zero-th order. Let us now derive the conditional ccdfF Z |{D k } (z) as follows:
where 
B. Proof of Theorem 2
Since the user and BS PP are stationary and isotropic, we work in the Cartesian plane x y centered at the position of the associated BS of the D2D source and having as a positive x-axis the direction from the associated BS of the D2D source to the D2D target (Fig. 1) . Let (X s , Y s ) be the Cartesian coordinates of the D2D source in the x y plane. Given that the distance R s between the user and its associated BS is Rayleigh distributed (Assumption 1) and Assumption 2 holds, the RVs The distance Z between the D2D source and the D2D target is given by Z = (T k+1 − X s ) 2 + Y s 2 , where T k+1 is the distance between the D2D target and the associated BS of the D2D source. Since the parameters D k = D, R t = T and θ t = are fixed, the distance T k+1 is a fixed parameter that can be readily estimated by using the law of cosines in the triangle
, in (27) and (28).
C. Proof of Theorem 3
The pdf f Z |{k} (z) and ccdfF Z |{k} (z) are derived by integrating the results of Theorem 1 with respect to the distance D k given that the neighboring degree equals to k = n. 
where (32) follows from the law of total probability, (33) by substituting (24) and (3), and (34) by solving the integral using the result in [25] for m = 1, ∀m < n − 1 and n−1 = 3.
D. Proof of Theorem 4
By using Proposition 1, the distance Z is given by
where Q x R t cos − R s cos ϕ and Q y R t sin − R s sin ϕ are fixed. From (35), the distance Z is at least equal to |Q y | and thus, f Z |{k,R t ,θ t ,R s ,θ s } = 0 for Z < |Q y |. Now, since Z is a function of the distance D n with known pdf (3), for z ≥ |Q y |, f Z |{k,R t ,θ t ,R s ,θ s } is given by [23, p. 93] 
E. Proof of Theorem 5
From Theorem 1 and (1) .
Since all parameters in (37) are positive real and I 0 [x] > I 1 [x] ∀x > 0, for q < 1 the sign of (37) is always positive. Hence,
